
B U B B L E  G R O W T H  IN L I Q U I D S  

V.  F .  P r i s n y a k o v  UDC 536.423.1 

Based on the f i r s t  law of var iable  mass  thermodynamics ,  a re la t ion for the ra te  of bubble 
growth is obtained which is in good agreement  with exper imental  data par t i cu la r ly  for  
la rge  Jakob numbers .  

Exist ing theor ies  of bubble growth [1-8] give sa t i s fac tory  ag reemen t  with experimental  data only for 
Jakob numbers  less  than 100 (see [9] for a detailed analysis) .  The resu l t s  obtained below increase  this 
range to Ja  = 500. 

We consider  a bubble on a heat-emit t ing surface .  The equation for the f i r s t  law of thermodynamics  
for  the bubble volume,  assuming the vapor obeys the gas laws,  can be wri t ten  as follows [10]: 

dp k - -  I ( d O  k dV" I 
d--; = V _ ~  + i 'a ' - -  :'a" k - - ~  f' - [ (  : " (1) 

The p r e s s u r e  p in the bubble is de termined f rom the well-known formula [11] 

2a 
P =  Ps + --~. (2) 

The volume of a bubble "sitt ing" on a plane is 

v = 4 ~a~fv. (3) 
3 

Here  

dQ'._ L'AT . ,,,o 
d'~ -- Vr-~%T " ~  Is, 

and the heat  r ece ived  by the vapor f rom the base of the bubble (through a miero layer )  

dQ" 
_ _  -- ~R2sin20 q. 
dr 

fv = 21--[ I + I c o s  0 (2 + si#0) ] �9 

The heat  t r a n s f e r r e d  to the bubble is made up of the heat a r r iv ing  f rom the liquid, which is (see [6]) 

(4) 

(5) 

Here  

1 (1 + c o s  0). 

The heat  supplied to the bubble is used up in the evaporat ion of a mass  G of the liquid, i .e . ,  the dif-  
ference  between the incoming energy of mass  i 'G'  and its consumption i"G" is 

i'O' - -  i"G" = - -  rp" dV (6) 
d-r ' 
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Compar ison  of theoret ical  and experimental  resul ts  (D, 
m;  r ,  sec): a) water  a t a  p r e s s u r e  p = 98 mm Hg, AT = 15 ~ Ja  
= 301, q =  3.73.104 W/m2;  b) n-pentane,  p = 524 mm Hg, AT = 28 ~ , 
Ja = 52.8, q = 3.62.104 W/m2;  c) methanol, p = 204 mm Hg, AT 
= 26.5 ~ Ja = 140o5, q = 2.8 "104 W/m 2. 

and on complet ion of the work of expansion, is proport ional  to the increase  in bubble volume af ter  sub t rac -  
tion of the volume occupied by the evaporated liquid, i.e., 

dV" dV dV' ( i - - -  _ 9"] dV 
d r  d r  _ O ' ]  (7) 

It must  be noted that neglect of the work of expansion in [12] leads to an overes t imate  in the theore t i -  
cal resul ts  of all papers  using the Bosnyakovic equation, as we shall see below, par t icu lar ly  for Ja > 100. 

Considering Equations (2)-(7), it is easy to t rans form the original Eq. (1) to the following: 

[ 1%- k _ _ ~  o k  p~_.,, + 20 -D --~l]dR (. UAT + f q + ) ,  (8) 
rp 3(k-- l ) rp"  (3f~k--1) j .  = [o  r p " ~  

the integrat ion of which offers  no special difficulty: 

Here 

( k foNx)(R__R,)+2 (3fok--1) N~Roln R =foja(  2 ) 
1 + k ------1 k - -  1 < - ~  Va'~+ [qN.~ �9 (9) 

N a =  P--~',,; N2-- a ; N~=  q ~  
rp rp"Ro ATc'p' 

ATc' 9' + f, 
J a =  tC'r ; f q =  (1--cosO); r e =  i v "  

If one uses  the well-known relat ion between the heat f luxqa tvapor iza t ton  and the tempera ture  drop AT 

q = AAT% 

it is easy to show that the quantity N 3 = w a is associated with the Jakob number: 
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Fig. 2. fl as a function of Ja':  theoretical curves; 1) 
Plesset and Zwick [4]; 2) Forster and Zuber [7]; 3) 
Fritz and Ende [5]; 4) Eq. (13); 5) Van Stralen [14]; 6) 
empirical curve of Cole and Shulman, R = 2.5 Jav~ ' r 
[9]; 7) D. A. Labuntsov [i-3] (upper curve for pro- 
portionality constant of i0 [2], lower for 6 [3]); experi- 
mental points: 8) Cole and Shulman [9]; 9) Van Stralen 
[i11; i0) R. Semeria [14]; ii) Dergarabedian [14]; 12) 
Van Stralen [14]; 13) Benjamin-Westwater [14]; 14) 
D. A. Labuntsov [3]. 

w~ = B Ja m-t,  

with the quantity B = A(rp")n-//(p'c ')  n being determined by the kind of liquid, and surface and temperature 
(pressure) conditions. 

Equation (9) is easily brought into dimensionless form 

( k ) ( B  1 ) ~  2 (3fok--1) Noln-R 
1 § ~ to N1 R=-~ 3 k -  1 " " -'~o - ---- { K~./ 'Pe , .  2 K~ Ja § 

~-~~ Ro ~o ~ Ro ] 

We used the experimental data in [9] to verify this equation. A comparison of calculations using Eq. 
(9) (curve 3) with experimental results is shown in Fig. i, which also gives the calculated results of Cole 
and Shulman based on the Zuber equation [6] (curve i) and the curve based on the equation R = (Tr Ja v~-r~-/2 
(curve 2).~ 

As is clear from Fig. i, calculations based on Eq. (9) give more accurate results for different Jakob 
numbers and different materials (water, n-pentane, and methanol). 

The second term on the left side of Eq. (9) can be neglected and the coefficient fp takenequal to 1 when 
2a/R << Ps and p"/p' << 1 (at pressures sufficiently removed from the critical value) and also for rough cal- 
culations. Using the relation for k (see [13]) 

Eq. (9) then reduces to the form 

k =  [ 1-2p"l-lrp' J 

R -- R0 + y ira~ + lqN~ (10) 

We then obtain the following result for the case of bubble growth within the liquid volume (0 = 0; q = 0; f0 
= I): 

t Curves calculated by other methods are not shown because they give a considerably greater overestimate 
(see below with respect to this point). 
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R = 4 Ja Va~, (11) 
3V~ 

For overall analysis and comparison of the results with experiment in dimensionless form, we write 
this equation in the form obtained by Seriven [8]: 

R = 2 8 ~a~,  (12) 

where  

2 
-- Ja'. (13) 

3V~ 

In our case ,  J a '  = Ja.  

Curves  for fl = fi(Ja') a re  shown in Fig. 2, which atso shows calculated resul ts  based on the equation 
of Labuntsov (curve 7) and those obtained with Eq. (13) (curve 4); as can easi ly be verif ied,  the la t ter  gives 
bet ter  ag reement  with the experimental  points. 
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NOTATION 

the adiabatic index for vapor (see, for example [15]); 
the enthalpy; 
the second change of mass; 
the time; 
the saturated vapor pressure; 
the radius of bubble; 
the surface tension coefficient; 
the boundary angle; 
the thermal conductivity; 
the thermal  diffusivity; 
the superheating relat ive to saturat ion tempera ture ;  
the heat  flux; 
the density;  
the heat of evaporation; 
the heat capaci ty;  
the initial radius;  
the constant  depending on kind of liquid, state of heat t r ans fe r  surface;  
the index depending on kind of liquid; 

Superscripts 

denotes to liquid; 
" denotes to vapour. 

2. 
3. 

4. 

5. 
6. 
7. 
8. 
9. 
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